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              INTRODUCTION

The purpose of this study is to explore learners' mental images of the mathematical symbol "x." I first got the idea to investigate this topic during a discussion with a colleague at the small boarding school for boys where I am employed. Christine, our art teacher, was recalling her experience of being tutored in algebra by her father, who was an engineer. Many years later, she can easily relive the frustration she felt, which she continued to associate with mathematics in general. "I just wanted to know what exactly is "x"?" A definition would not suffice; she was searching for a deeper meaning. I began to wonder what her imaginative interpretation of "x" would have been, if she had been asked to create one at the time. It would have been interesting, I thought, to encourage her to make a drawing of her image of "x."  
I also had an incentive to seek out a creative venue for my own classroom. As the mathematics teacher of boys diagnosed with emotional and behavioral disorders, such as attention-deficit hyperactivity disorder (ADHD), I had noticed that my students' imagination often distracted them. Like the boy in Dr. Seuss's (1964) And to think that I saw it on Mulberry Street, they might be inclined to construct an elaborate parade out of a single horse and wagon. Rather than address the literature pertaining to my students' disabilities, I focus on the nature of images and the imagination. I find theoretical relevance for my investigation in mathematics, where the imagination plays a formative role. Drawing upon literature from philosophy and neuroscience, I make the distinction between percepts, images, and sensory and cognitive imagination. My research method includes the use of image-drawing, incorporating art therapy materials and techniques. 
The setting for my investigation is my own mathematics classroom at a small boarding school for boys. My research subjects are boys between the ages of sixteen and eighteen. The group, as a whole, has not succeeded in the academic mainstream for a variety of reasons. Many of them have large gaps in the progression of their studies. My school grants them the opportunity to catch up. The boys plan to eventually return to a traditional secondary school, or move on to post-secondary studies. Given my school's rolling admissions' policy, my instructional time with each of the boys ranges from one month to one year. I do not see a need to divulge their personal histories, including any medical diagnoses that the boys may have. None of them have severe learning disabilities in mathematics. They all are all able to do algebra beyond the elementary level. Their issues tend to be attention-related, motivational, and oppositional in nature. Like Christine, these boys may need to affix a larger personal meaning to "x" in order to bring the abstract mathematical symbol to life.  
                              REVIEW OF LITERATURE
                                Imagination in Mathematics

The imagination appears to function as a catalyst in the construction of knowledge. For Ernest von Glasersfeld (2002), the general concept of a thing, such as a red apple, is not a static figure, but a dynamic template capable of producing many apples, in other colors like green and yellow. The act of imagination is a central feature of his radical constructivism, which starts from the assumption that people construct knowledge from their own experience. As in the example of the apple, to use his term, a re-presentation is formed when "focused attention" selects a "chunk of experience," which is treated as a separate entity. It then becomes a "place-holder" for specific sensory information, and can be used to abstract new ideas. 
Tall & Vinner (1981) define a concept image as all the cognitive structures, conscious or unconscious, associated with a concept, including mental images, and words. A concept, such as an apple, must allow for variability. If I imagine an object shaped like an apple that is purple, I can believe that it is an apple. I have the freedom to recombine familiar ideas in novel ways. But since I have never seen a purple apple, it is unlikely that I would form an image of one, when hearing the word apple. 
Words, according to von Glasersfeld (2002), activate re-presentations from past experiences. Making the association joins word with meaning. If the re-presentations associated with a word are immediately evoked, the meaning is "figurative." According to von Glasersfeld, as I become more comfortable using the word, I no longer will rely on its re-presentation. Rather, at this "operative" stage of meaning the word serves as a "pointer" to open up pathways to dormant re-presentations, which may remain inactivated. Exactly when this shift occurs depends upon the individual. Mathematical words, in the form of symbols, are for an accomplished user "operative;" they can be understood without calling up their re-presentations. 

The symbols associated with a mathematical concept facilitate communication and streamline the process of doing mathematics. Tall & Vinner (1981) refer to the words needed to spell out a mathematical concept as a concept definition.  According to Tall & Vinner, a learner's concept definition may evolve over time. Unlike von Glasersfeld,   Tall & Vinner do not necessarily assume that the learner must construct a concept image for himself. However, irregardless of its origins, Tall & Vinner suggest that a learner's personal concept definition most likely differs from the formal or taught concept definition. 
The discrepancy between what is produced by the individual imagination, and what is given as a social construct, is recognized by Ernest (2005). Ernest (1998) draws upon Wittgenstein when he writes that "mathematics is as a collection of language games situated in various forms of life" (p. 167). Rather than discovered in a perfect other-world, mathematics is securely anchored in the context of social negotiation through conversation. In Ernest's (1998) conjecture, the objects of mathematics arise out of a self-feeding loop, which unites the human characteristics of imagination and culture: 
(1) Mathematical imagination and intuition emerges from the human capability to construct (in Stages) and hence to recall or retrieve imagined worlds (i.e., mathematics worlds of the imagination) and (2) human cultural, discursive signifying practices, which, having been individually appropriated, provide the resources for (1). (p. 219-220)
Ernest's succinct model implies that a learner has a certain amount of creative freedom while they are constructing the objects of mathematics. Gradually, the learner adopts the socially accepted meaning, until the object appears to have a "life" of its own. At this stage, the learner can work in the abstract mode, which is necessary to advance beyond the elementary level. Though it makes sense to say that hidden within this new found power, is the first imaginative component, which may have been a visual mental image.

                     The Attention Demanding Nature of Images
What exactly is a visual mental image and why does it demand our attention? To gain an understanding of images, I compared Colin McGinn's (2004) philosophy of the imagination with Stephen Kosslyn's (1994) brain research. Their views are representative of two approaches to a highly complex subject. Despite being on opposite poles from a research standpoint, both McGinn and Kosslyn make a clear distinction between seeing with the "mind's eye" and seeing with the body's eyes. The most important point being that it requires a focused effort to form an image, in contrast to the automatic act of observation.
 McGinn's position that mental images are part of our active nature, while percepts belong to the passive part is based on a key passage from Wittgenstein (1981), Zettel, sec. 621, an excerpt from which follows: 

While I am looking at an object I cannot imagine it.

Difference between the language-games: "Look at this figure!" and "Imagine this figure!"

Images are subject to the will. (McGinn, 2004, p. 12)
McGinn asserts that images are part of our active nature, since they are subject to the will. Percepts belong to the passive part. In other words, one must make an effort to form an image of something, while the same may not hold true of just looking. McGinn classifies images as a distinct mental category, separating them from percepts. For McGinn, the philosophical task is to explain precisely in what way images and percepts are alike and how they are different. McGinn's philosophy of the imagination is supported by Stephen Kosslyn's (1994) brain research. Kosslyn develops a theory of what mental imagery is and how it is related to visual perception. He concentrates on the nature of the internal events that underlie the experience of "seeing with the mind's eye." 
According to Kosslyn, the term "image" refers to the internal representation that is used in information processing, not the experience itself. From a cognitive neuroscience perspective, a visual mental image is a pattern of activation in the "visual buffer" that is not caused by immediate sensory input. The visual buffer is a set of topographically organized visual areas in the occipital lobe, where input from the eyes produces a configuration of activity that "separates figure from ground." Kosslyn's main idea is that once a pattern of activity begins in the visual buffer, it does not matter whether the input was a percept from the eyes or an image from memory. It is processed the same way. In the brain, visual mental imagery and visual perception share common mechanisms.

Both McGinn and Kosslyn agree that it is our "mind's eye" that we use to form images, while percepts depend upon our two natural eyes. The memory serves as a source of images, while the input of perception is what we actually see. Viewing an image with the "mind's eye" involves processing the patterns in the visual buffer, which Kosslyn considers short-term memory representations. Given the vast amount of information stored there, it is necessary for selection to occur. This is accomplished through the "attention window," a mechanism in the visual buffer that performs a combination of pattern allocation and filtering out.  
Unlike the percepts of normal people, mental images are pliable and can be changed at will. Kosslyn cites three ways in which images are formed: the first is when the percept of a previously seen object is recalled. The second is when images are formed by recombining familiar things in new ways. Finally, it is possible to form an image that is totally new, independent of visual reality altogether. However, once an image is formed, it can be "inspected" using the same internal processing that is used during perception. Holding on to an image is not easy. Kosslyn asserts that how retainable an image is depends upon how efficiently it is organized into "chunks," streamlining the process of pattern reactivation. For McGinn, the longevity, and even the content of an image, depends upon paying attention to detail.
Here is an example of how the imagination works. Though not pertaining to mathematics, I think it illustrates the attention-demanding and willed nature of images, which I have discussed. On his way home from school, a boy sees a horse and a wagon on Mulberry Street (Seuss, 1964). What we call the "imagination" transports him away from his perception. His journey begins with forming an image of a zebra pulling the cart. An excerpt from what follows establishes the pattern:
With a roar of its motor an airplane appears

And dumps out confetti while everyone cheers.

And that makes a story that's really not bad!

But it still could be better. Suppose that I add…..

…A Chinese Man 

Who eats with sticks…

A big Magician

Doing tricks…

A ten-foot beard

That needs a comb…

No time for more,

I'm almost home. (Seuss, 1964)

McGinn (2004) takes the topic one step further by connecting imagination and belief, in the same way that image and percept go together. Likewise, the major distinction is the act of attention required to imagine a possibility versus simply believing it. When asked by his father to tell what he saw, the boy replies with a belief:
"Nothing," I said, growing red as a beet,

"But a plain horse and wagon on Mulberry Street." (Seuss, 1964)
The boy's response was appropriate for the question he was asked, what did he actually see? Had his father asked him what he imagined he saw, he would have answered differently. In my investigation, I ask both of these questions. 
                                           Images of "x"
McGinn (2004) distinguishes between two types of imagination, sensory and cognitive.  Seeing with the mind's eye employs the sensory imagination, but once we move beyond the information provided by our senses, we are in the domain of the cognitive imagination. At this conceptual level, we may survey all the possibilities. In their discussions about abstract thinking, von Glasersfeld (2002) and Ernest (1998) make similar arguments. 
The aim of my investigation is to explore learners' mental images of the mathematical symbol "x," not why the cognitive imagination is a better problem-solving vehicle than the sensory imagination. Nevertheless, I think it worth mentioning Gray & Pita's (1997) finding that the imagery children form while doing arithmetic contributes to their success or failure. Given the attention demanding nature of forming images discussed in my paper so far, it is not surprising that the researchers observed the strained efforts required of the low achievers, who relied on the manipulation of images to perform calculations. They also conclude that the low achievers in mathematics become absorbed in the search for "substance and meaning - no information is rejected, no surface feature filtered out" (Gray & Pita, 1997). I relate this finding back to Christine's story mentioned earlier and her desire to learn "what exactly "x" is," in the same way that she would want to know a sparrow.
Wittgenstein (1953) says that it is only a symbol's use that gives it meaning. In a large scale study, Küchemann (1981) grouped learners' interpretation of letters used as algebraic variables into six groups. He linked them to the four Piagetian stages of development. I summarize Küchemann's groups, with a reference to Usiskin's (1988) four conceptions of algebra, each directly related to a particular use of the variable. Küchemann's lower level learners suppose that letters stand for something, either a specific number or an object. These are the variables Usiskin refers to in his conception of algebra as generalized arithmetic. Küchemann's learners with a higher level of understanding think that a letter represents a specific unknown number, whose value may be discovered. This corresponds with Usiskin's conception of algebra as problem solving procedures. Küchemann's more advanced learner recognizes that a variable may be used to represent several or a full range of values. Likewise, Usiskin cites the use of variables in the study of relationships. To function at Küchemann's highest level requires the learner to work with variables in the abstract mode without using any referents. Usiskin refers to this conception of algebra as structure, which pertains to manipulating variables as arbitrary letters.                   
One of the most interesting things that McGinn (2004) has to say is how the imagination can change the appearance of things and what we believe about them. Just as the presence of one color can enhance another color, like complementary shades, putting two different things together can alter our perception of each. The conceptual analogy to this experience is forming a metaphor. In a mathematics class, if I ask my student to tell me what "x" means, he would probably answer with a definition. He might say "x" is the unknown number. Now if I ask him to see "x" with his mind's eye, and describe his image from his imagination, he would need to answer with a metaphor. Creating a metaphor involves uniting the possibilities with the facts.
Lakoff & Nunez (2000) have argued that the conceptual metaphor plays a fundamental role in mathematical understanding because it provides a means to map ideas in one conceptual domain to corresponding ideas in another conceptual domain. It makes it possible for us to understand difficult ideas such as infinity. According to Lakoff & Nunez, a conceptual metaphor is constructed like this: the "target domain" is the "source domain." What is relevant to my study is that in the process of mapping the "source domain" on to the "target domain" new elements can be introduced. In other words, when we merge concepts, the end result may be greater than the sum of its parts. The "target domain" is linked to a quality that it did not have before. A horse and a wagon on Mulberry Street is a full blown parade (Seuss, 1964). 
Of course none of this accounts for why some people are inclined to employ their imagination in less efficient ways than others. It is not the aim of my investigation to do so. However, if I have never seen a parade then I can not so easily form an image of one. My interpretation of the facts is most likely related to my life experience, which aligns with the constructivist view of learning. I assert that the same principle holds true when asking students to use their mind's eye to form an image of "x." And considering that a parade is far more exciting to imagine than just a horse and a wagon, selecting a possibility may contain an emotional element as well (Seuss, 1964). 
                                          Drawing and Describing Images 

In response to the question, what is the relation between public symbols like "x" and our mental representations of them (Olson & Campbell, 1993)?  I have selected the work of certain scholars to make a case that the imagination is the link. Guided by the model provided by Ernest (1998), I suggested how a learner actively uses his imagination to take ownership of the publicly sanctioned meaning. The process requires discussion, which allows the learner to compare his developing ideas with those promoted by his teacher. 
Various instruments can be used to help build a consensus between learner and teacher. For my investigation, I focus on the pictorial drawing. Freeman (1993) refers to such a picture as a means to make an internal representation observable. To succeed, the learner's cooperation is required. I must also assume that elements of the learner's mental image can be represented as a figure or picture. In order to evaluate how decisions in regard to materials and set-up affect the outcome, I borrow language and techniques from art therapy, a discipline that utilizes drawings on a regular basis. In this methodology, an individual finds meaning in making art from the imagination (Malchiodi, 1998).    
The assignment that I am proposing for my investigation is considered "directive," since it involves a specific theme (Malchiodi, 1998). I am asking my student to draw his mental image of the mathematical symbol "x." Another consideration is where the project will be carried out. I might have obtained very different results if I had chosen my school's art studio instead of my mathematics classroom. Work surface, whether table-top or clip-board, is also a factor. 
Besides the environment, the choice of materials is important. Materials are classified by the extent of control that they allow (Malchiodi, 1998). Colored pencils and fine-tip magic markers accommodate a learner's desire for detail, more than crayons and pastels. Whatever the materials used, providing a sheet of good sturdy paper gives the task greater significance. I agree with Malchiodi (1998) that it is best to keep the set-up and materials as simple as possible so that a drawing of the learner's image can be quickly made. 

A learner's image-drawing becomes the focus of a discussion surrounding its similarities and differences to the taught definition of "x." I propose doing this for two reasons. First, McGinn (2004) suggests that the interest lies in making such a comparison between image and percept. And second, general educational research finds that identifying similarities and differences has a large (1.61) effect size as a strategy to affect student achievement (Marzano, Pickering, & Pollock, 2001). 
It is possible that increasing learners' "image-awareness" may work well in some teaching situations (Malchiodi, 1998). A future project might involve a review of the literature concerning the imagination and boys with attention-deficit hyperactivity disorder (ADHD). But for now, I focus specifically on what learner's mental images are of the mathematical symbol "x." 
                                                   Summary

The imagination is a catalyst in the construction of the objects of mathematics. This occurs in the milieu of productive discussion (Ernest, 1998). To internalize the conventional meaning of the mathematical symbol "x," a learner must actively use his/her imagination, as well as engage in conversation with his teacher. My investigation narrows the focus to learners' mental images of the mathematical symbol "x." It follows from constructivist thinking that a learner's image of "x" would be influenced somehow by his experience (von Glasersfeld, 2002). 
A memory image is the spark that lights up the human cognitive imagination (McGinn, 2004). When the learner forms an image of "x" with his mind's eye, he must recombine familiar things in a novel way (Kosslyn, 1994). Joining together the possibilities with the facts may reveal some overlooked quality associated with the mathematical symbol "x" (Lakoff & Nunez, 2000). An image-drawing is a means to make the learner's mental image of "x" public and allow his imaginative interpretation to become a discussion topic (Freeman, 1993). 
                                            METHODOLOGY 
The research design for this investigation is exploratory. Rather than carry out my investigation in groups, I chose to work with each boy one-on-one. I began my procedure with a brief explanation of why I was conducting research on learners' images. Data was collected by asking the learner the following questions. Individual responses were noted verbatim. I also recorded the age of the boy and his level of mathematics attained.          
1. What is your regular idea (perception) of "x"?

2. Now see "x" with your mind's eye (McGinn, 2004). Describe your image from your imagination.
3. Draw a picture of the image created in your mind (Marzano, 2001).

4. How is this image similar to your regular idea (perception) of "x"?

5. How is this image different from your regular idea (perception) of "x"?

The drawing portion of the investigation was done on my classroom table. I provided a sheet of heavy-grade drawing paper, a box of multi-color, fine-tip magic markers, a box of colored pencils, and a few well-sharpened graphite pencils. The time spent with each boy was approximately thirty minutes.
                                          Working Theory

I divided learner's mental images of the mathematical symbol "x" into four broad categories based on the conceptions of algebra suggested by Usiskin (1988) and Küchemann's (1981) levels. My framework is outlined as follows:

A. Letter as Tangible Object: Substitute a Referent (Küchemann, 1981)
This usage parallels Küchemann's lowest level in which the learner imagines that the mathematical symbol "x" stands for something tangible. The image-drawing is a depiction of what tangible object the learner imagines the variable stands for.  
B. Procedures: Simplify and Solve (Usiskin, 1988)

This group corresponds with Küchemann's (1981) variable as an unknown number. The image-drawings may portray "x" as a series of actions intended to solve for an unknown. Finding out the value of the unknown is the primary subject matter of the learner's image-drawing. 
C. Relationships: Arguments and Parameters (Usiskin, 1988)
Küchemann (1981) considered it more difficult for a learner to associate a variable with several or a full range of values. The learner's image-drawing in this group may represent the variable "x" as the domain of a function. In the learner's image-drawing, the variable has many possible values. 
D. Structure: Arbitrary Marks on Paper (Usiskin, 1988)
In this group the symbol used is arbitrary. The structure is provided by the properties of algebra (Usiskin, 1988). At Küchemann's (1981) highest level the learner has mastered working with the variable in the abstract mode and can adjust to whatever context that he/she is presented with. The learner may depict the variable "x" as another type of symbol or an enhanced version of the same letter. When analyzing the content of a learner's image-drawing, his/her substituting one abstract symbol for another without any apparent referent, distinguishes the fourth category from the first. (According to Usiskin, real numbers are the usual referents for variables, whereas the referent in my first category is a tangible object.)   

                                    RESULTS OF THE INVESTIGATION
Each boy who participated in my investigation is listed below, as well as his regular perception of "x," the content of his image-drawing (in italics), how his image is like his regular perception of "x" and how it is different, age, and level of mathematics attained: (The typical progression of average secondary-level coursework is Algebra I, Geometry, Algebra II, and Pre Calculus.) 
Allen: random object; "x" is a doughnut; they both represent something that doesn't exist or is lacking thereof, "x" is a representation of a lack of numbers, three times a doughnut is the same as "3x;" doughnuts are an everyday occurrence, we eat doughnuts for breakfast, we don't eat "x" for breakfast; age 18; Algebra II.
Chandler: unknown variable; "x" is X, set in stone; it represents "x," which represents an unknown number; it is set in stone where as the regular idea of "x" can change; age 17; Pre Calculus.
Chris B.: unknown number; "x" is a question mark - it could stand for God; a question mark could be anything; you really can't put an image on "x;" age 16; Algebra I.

Chris S.: unknown symbol; "x" is finding the possibilities in a big, empty space; dots represent all the possibilities; my own idea; age 17; Pre-Calculus.

Kirby: an unknown; "x" is putting what you need into an empty box (an endless tunnel); "x" is in it, "x" is equal to anything, my image is an endless tunnel there's no end; I can't convey a box with nothing in it, so that is why I made a tunnel with no end to it; age 17; Algebra II.

Lou: variable; "x" is a mysterious big, grey blob; you don't know what you're getting into, you have to look deep into it to get an answer; this drawing is more literal than the mathematical symbol "x," my drawing is not random it is what I see; age 17; Algebra II.

Matt: a number that you don't know that you try to find out what it is; "x" is a pair of (eye) glasses, spectacles; you can't see what the answer is, you put on the glasses and you can see what the answer is, sometimes it just kind of comes to you, you realize it all of a sudden; you are not usually using your eyes to fond "x," you have to do it in your mind; age 16; Algebra II.

Max: variable; "x" is a big cloud; there's all different kinds of clouds, a cloud changes shape; there's always clouds, there is not always "x;" age 18; Geometry.

Sam: variable; "x" is an egg; it could be any kind of egg; "x" is a letter, an egg is an egg; age 17; Geometry.

Todd: variable; "x" is fourteen cheeseburgers; "x" is any variable; "x" is usually a number, in this case it's a tangible item; age 17; Algebra II.

Tom: something that I need to figure out; "x" is a box-letter X with an equals sign; I see it with an equals sign, which means I need to figure out what it is; this one represents a number, it makes me think of a number because of the equals sign; age 17; Geometry.

                Letter as Tangible Object: Substitute a Referent (Küchemann, 1981)

Assigning the learners' work to a single category was sometimes challenging. Eighteen-year-old Allen describes the mathematical symbol "x" as a doughnut. In doing so, he replaces a letter variable with a tangible object. According to Allen, a doughnut is similar to "x" because it is easy to draw, and different from "x" because we can eat a doughnut for breakfast. Allen pointed out that one could refer to three doughnuts instead of "3x," without losing any meaning. Todd, age seventeen, had a similar idea when he created an image-drawing of a cheeseburger times fourteen (meaning fourteen cheeseburgers). It is possible to interpret these objects as arbitrary symbols, which could be used instead of the letter "x," placing this work in my fourth category (Usiskin, 1988). However, the fact that each boy made reference to something concrete indicates to me that his image-drawing probably belongs in the first category. 
Kirby, age seventeen, imagined that "x" equals a box that opens up into an endless tunnel. The equals sign appears in his image-drawing.  His "x" is whatever he needs to put in the box to make the problem work. Substitution is generalizing arithmetic (Usiskin, 1988). Kirby noted the difficulty of drawing an empty box. "I can't convey a box with nothing in it. So that is why I made a tunnel with no end to it," he said. 

Illustrating the variable as a tangible thing, Max and Lou created cloud-like image-drawings of the mathematical symbol "x." When asked how his image was similar to "x," eighteen-year-old Max answered that clouds change shape. Lou, age seventeen, also referred to the amorphous quality of clouds, "You don't really know what you're getting into. You have to look deep into it to get an answer." Lou made it clear that his image-drawing of a big, grey blob was not random. "It is what I see," he said. The cloud-like image appealed to both of these boys because it represented the element of mystery that they associated with the mathematical symbol "x." 
The boys also communicated the mystery of the unknown through universal symbolism. Sam, age seventeen, depicted "x" as an egg. Chris B., who is sixteen years old, told me that the mathematical symbol "x" was a question mark. "It could stand for anything," he said, including "God." He created an image drawing, which shows a question mark next to a god-like form, glowing with rays of multi-colored light. Chris B.'s tangible object is far from concrete. His work and others demonstrate that it may not be possible to classify image-drawings into a single category. Rather than focusing his "mind's eye" upon a solid image, the learner may use his image-drawing to express his uncertainty about the variable. Or it may be that he invents an image that best conveys his concept of a variable.       
                    Procedures: Simplify and Solve (Usiskin, 1988)
Creating a method of solving for an unknown, a sixteen-year-old boy named Matt described "x" as a pair of glasses. In his image-drawing, the glasses are shown at work, illuminating an equation. A pair of glasses is like "x," he said, because "You can't see what the answer is; you put on the glasses and you can see what the answer is." When I asked him how a pair of glasses is different from "x," he said, "You are not usually using your eyes to find "x;" you have to do it in your mind."
Seventeen-year-old Tom associated "x" with work that needs to be done. Tom's image drawing is a simple box-letter "x" positioned next to an equals sign. "I see it with an equals sign," he said, "because I need to figure out what it is." He also noted that there is always a mystery behind the "x." He reminded me that X marks the spot where there is buried treasure to dig up. 
            Relationships: Arguments and Parameters (Usiskin, 1988)
The idea of an infinite solution set appeared in seventeen-year-old Chris S.'s image-drawing. He peppers his big, empty space with little dots to represent finding all the possibilities. 
               Structure: Arbitrary Marks on Paper (Usiskin, 1988)


Seventeen-year-old Chandler, my highest-level mathematics student, carefully drew a stylized letter X and decorated it with a variety of colors. Chandler's image-drawing depicted the mathematical symbol "x" as itself. Chandler said that his image was different from the variable because "it is set in stone, whereas the regular idea of "x" can change." I understand Chandler's statement to mean that a variable by itself is "lifeless" and algebraic properties change the way it is handled. Usiskin refers to the variable's use in this category as manipulate and justify (1988). Interestingly, when I asked our twenty-four-year-old housemaster, Keir my research questions he also described his image of "x" as a letter chiseled in stone, like one associated with ancient Roman architecture. (Before attending college, Keir had graduated from a secondary school that specialized in mathematics and science.) 
The "x" in this category is a reified concept. The learner has completely internalized the mathematical symbol. In fact, he has probably forgotten ever constructing it in the first place (Ernest, 1998). There is no need for the learner to rely on referents; structure is to be found in the variable's properties (Usiskin, 1988). Like Chandler, the learner may imagine the mathematical symbol "x" as an enhanced version of itself. 
                                                  Validity

The purpose of my investigation was to explore learners' mental images of the mathematical symbol "x." During the interviews, the boys described their mental images of the mathematical symbol "x," and produced an image-drawing. Given the willed nature of images, I do not believe that they are necessarily permanent (McGinn, 2004). However, I think that the boys' responses shed light on their understanding of variables. For instance, if a learner is inclined to imagine "x" as an object, it matters little what object he describes. On another day he may visualize a different thing, but it may indicate the same level of understanding. 

The inconsistency between a boy's personal concept image, which according to Ernest (2005) depends upon the imagination, and his formal or taught concept definition was apparent from my results (Tall & Vinner, 1981). I may have evaluated the boy's understanding differently if I had used his verbal definitional response rather than his mental image. Lou and Max said that "x" is a variable, yet they produced image drawings that I classified as falling into Küchemann's (1981) lowest level. On the other hand, some of the boys (Matt and Tom) used less precise language in their definition, but appeared to fall into a higher level, based on their image-drawings. The images were of limited utility in indicating their levels of understanding and operational knowledge in this area. They do not confirm their levels of understanding.  


                                        CONCLUSION
Learners' constructions of the objects of mathematics depend upon the individual interpretations, including the use of the imagination (Ernest, 1998). Therefore, it was not surprising that each learner's mental image of the mathematical symbol "x" was unique. Nevertheless, I was able to categorize the results in accordance with Usiskin (1988) and Küchemann (1981). The idea of meaning-as-use was important to all categories (Wittgenstein, 1953). The image-drawings at least partially reflected the learners' experience working with the variable, such as evaluating algebraic expressions and solving equations (von Glasersfeld, 2002).  

I do not think that my investigation produced evidence that could be used to evaluate a learner's understanding of variables. However, I believe that an image-drawing may help make public the complex content of a concept image (Tall & Vinner, 1981). Besides the algebraic purposes of "x," many of the learners used their image-drawings to convey the mystery that they associate with the unknown. This emotional content of the mathematical symbol "x" is likely to be overlooked in carrying out the usual business of teaching mathematics in the classroom (Lakoff & Nunez, 2000). Imagining "x" introduces an unstated, fundamental problem. How does one form an image of the unknown? 

It could be that some learners are more likely to respond to the subliminal, emotional content of mathematics with attention-demanding images, which divert their energy away from the lesson objectives (McGinn, 2004). Or the act of forming mental images may make learning more memorable. Investigating this topic made me wonder to what extent learners' imagination can be an obstacle to learning. Do some learners, particularly boys with attention-deficit hyperactivity disorder (ADHD), have less control over their imagination than others? As their teacher, I may decide that their imagination is a problem, or I may consider it a vast reservoir of untapped potential.

Is asking learners to describe their imaginative interpretation of "x" a worthwhile task? I think it is, in the framework of productive discussion, between teacher and learner. An image-drawing is only one way for learners to share their concept images through imaginative interpretations, and thus build on them. Other ways might include imaginative visualization and the performing arts.
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                                                    APPENDIX

The boys’ image-drawings are included in this appendix. The eleven images, which appear on pages 25 through 35, were scanned from reduced-color photocopies.
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